All the F : N → C having Ramanujan expansion F (a) = ∞ q=1 G(q)c q (a) (here c q (a) is the Ramanujan sum) pointwise converging in a ∈ N, with G : N → C a multiplicative function, may be factored into two Ramanujan expansions, one of which is a finite Euler product : see our Main Theorem. This is a general result, with unexpected and useful consequences, esp., for the Ramanujan expansion of null-function, say 0. The Main Th.m doesn't require other analytic assumptions, as pointwise convergence suffices; this depends on a general property of Euler p−factors (the factors in Euler products) for the general term G(q)c q (a); namely, once fixed a ∈ N (and prime p), the p−Euler factor of G(q)c q (a) (involving all p−powers) has a finite number of non-vanishing terms (depending on a): see our Main Lemma. In case we also add some other hypotheses, like the absolute convergence, we get more classical Euler products: the infinite ones. For the Ramanujan expansion of 0 this strong hypothesis makes the class of 0 Ramanujan coefficients much smaller; also excluding Ramanujan's G(q) = 1/q and Hardy's G(q) = 1/ϕ(q) (ϕ is Euler's totient function).
Introduction, statement and proof of main results
In [C3] we studied the Ramanujan expansions of very general arithmetic functions F : N → C, only assuming the Ramanujan Conjecture for their growth, namely F (n) ≪ ε n ε . Here ≪ is classical Vinogradov notation, meaning that LHS (Left Hand Side) is bounded in modulus by a constant C > 0 times the RHS (Right Hand Side), as n → ∞; the subscript, here ε > 0 an arbitrarily small constant, expresses an eventual dependence of C from variables therein. This, of course, is not a kind of strong assumption, as we may (at least for reasonable F ) think to re-normalize our arithmetic function. However, the real constraint we put there [C3] on F is having a, say, Eratosthenes Transform [W] F ′ def = µ * F (see [T] for definitions and properties of Möbius function µ and Dirichlet product * ) which is supported on smooth numbers. We call n ∈ N a Q−smooth number by definition when the prime p|n is possible only for p ≤ Q (to avoid trivialities let Q ≥ 2). For this, our previous work [C3] inspired us, when looking for multiplicative Ramanujan coefficients (see following definitions) of null-function 0(n) def = 0, ∀n ∈ N. In fact, when adding the hypothesis "multiplicative", for these coefficients, say G : N → C, of our F , to previous smooth-numbers constraint, we found the results in this paper. Compare section 4 formulae, for this kind of heuristic approach.
Present results hold even for F = 0, but for null-function we found, so to speak, the best applications. However, for the reason of both giving general results and not going deeply in case 0, we will afford the "Classification" for multiplicative Ramanujan coefficients of 0 in another, forthcoming paper. We will give our notation and definitions during the paper, where needed.
In this first section, now, we give our Main Theorem, then our Proposition as its "local version", and our two Corollaries, as consequences of both previous results; next section contains the statements and proofs of our Lemmas; section 3 gives a brief account of basic hypotheses to get infinite Euler products for general Ramanujan expansions with multiplicative coefficients; section 4 exposes, very quickly, the multiplicative Ramanujan coefficients supported in the smooth numbers; finally, some remarks about forthcoming Classification in the multiplicative part of the "cloud"(i.e.the Ramanujan coefficients set) of the function 0.
We start giving first definition, as a kind of abbreviation very useful in the sequel.
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We say that the arithmetic function G : N → C is a Ramanujan coefficient, by definition, when the series
converges pointwise in all a ∈ N. Here c q (a) is the Ramanujan sum of a ∈ N, of modulus q ∈ N, defined as [M] (compare [R] for the original definition, suggesting why the letter c)
where, as usual, (j, q) def = g.c.d.(j, q) stands for the greatest common divisor of these two positive integers. In passing, all Ramanujan coefficients G have convergent series (case a = 1, as c q (1) = µ(q), ∀q ∈ N)
For any non-empty subset of primes P, say P ⊆ P, we define S P def = {s ∈ N : s = 1 or p|s ⇒ p ∈ P} and for any non-empty subset of natural numbers, say N ⊆ N, we define, ∀r ∈ N, (r, N) = 1 def ⇐⇒ (r, n) = 1, ∀n ∈ N.
We start with our central result, about finite Euler products of Ramanujan expansions.
Main Theorem (finite Euler products). Let G : N → C be multiplicative and choose an arbitrary finite and non-empty subset of primes, say F ⊂ P, F = ∅ (finite). Assume (r,F)=1 G(r)c r (a) converges pointwise in a ∈ N. Then, G is a Ramanujan coefficient and the Ramanujan expansion factors as
where the "finite factor", at the right hand side, is a finite Euler product :
In particular, taking G = 0 multiplicative and, for each fixed d ∈ N, F to be the set of prime divisors of d, choosing a = 1 this gives, provided the series in RHS converges pointwise in all d ∈ N,
Proof. The following formula for the finite factor, say,
comes from the definition of S F and the multiplicativity of G, then from our Main Lemma (see next §2); so, the finite factor is a finite sum, as a finite product of finite sums (the p−Euler factors in Main Lemma). Hence, we may exchange the sum over s ∈ S F with the pointwise converging series over (r, F) = 1 as follows:
whence we get G is a Ramanujan coefficient and the first formula. The second one, then, comes from Main Lemma formulae. Finally, choosing F the prime divisors of d ∈ N, since now p ∈ F is p|d and (r, F) = 1 is (r, d) = 1, previous formula gives ∀d ∈ N, choosing a = 1,
in which: v p (1) = 0 ∀p ∈ P and c q (1) = µ(q), c r (1) = µ(r), whence proving last formula, since G(1) = 1 (recall: from G = 0 is multiplicative), and completes the Proof.
In the following, the series over (r, F) = 1 will be called the co-finite factor.
We abbreviate P(S) def = {p ∈ P : ∃s ∈ S such that p|s} the set of prime factors of all numbers in S ⊆ N; trivially, P({1}) = ∅, while we set by definition P(∅) def = ∅. In particular, by abuse of notation, we write for the set of prime divisors of n ∈ N P(n) def = {p ∈ P : p|n}.
Next result is a kind of special case of our Main Theorem, but now F depends on the variable a ∈ N.
Proposition (local Euler products). Let G : N → C be multiplicative and assume that the series (r,a)=1 G(r)µ(r) converges pointwise ∀a ∈ N. Then, G is a Ramanujan coefficient and the Ramanujan expansion factors as
Proof. After fixing a ∈ N, we choose as finite set of primes just F = P(a), so now p ∈ F amounts to p|a and (r, F) = 1 means (r, a) = 1, whence c r (a) = µ(r) : everything else is like in Main Theorem Proof.
In order to give the main consequences of our Main Theorem, we have to define the following sets:
and its subset
for which sets we explicitly point out the finiteness, when G is a Ramanujan coefficient, as follows.
Remark 1. In case G is a Ramanujan coefficient, in particular, at a = 1 the series
This entails, from the necessary condition for series to converge, that
as q → ∞ in the set of square-free numbers q; in particular,
as p → ∞ in the set of prime numbers P. This, in turn, implies that, for any Ramanujan coefficient
We give our first application to the cloud (=set of Ramanujan coefficients [C2] , [C4] ) of null-function 0.
Proof. The implication ⇒ follows trivially from a = 1. Notice the convergence in RHS. In order to prove ⇐ we apply our Proposition: Thus, our task is completed.
We give our second application, even easier to prove, to the cloud of 0.
Proof. Since F 0 (G) = ∅, pick up a prime p ∈ F 0 (G) and consider its Euler factor:
from our Main Lemma in §2; our Main Theorem completes the proof, choosing F = F 0 (G).
Remark 2. We call standard the factorization above, for G in the hypotheses above. Hereafter, when not specified, equations depending on a hold ∀a ∈ N.
We explicitly point out that this co-finite factor may vanish for some a ∈ N, but not all of them. ⋄
Lemmata
In the following, the symbol QED (Quod Erat Demonstrandum=what was to be shown) will delimit small parts of a Proof; in following sections, it will even be the end of a small result's proof.
We start with a very short Lemma, a "fact", allowing a quicker proof of next Main Lemma.
Fact 1. For all p ∈ P, K ∈ N 0 and a ∈ N we have:
) .
Proof. Assuming K ∈ N henceforth, as case K = 0 is trivially true (recall c 1 (a) = 1, for all a ∈ N), first equation follows from writing a = mp vp(a) , with (m, p) = 1, and the definition of Ramanujan sum [R] (compare [M] , too) that we recall, for the imaginary exponential e q (n) def = e 2πin/q ,
from the invertible change of variables j ′ ≡ jm( mod p K ); while second equation follows from the 1936 Hölder formula, see page 22 [CM] (and [D] , page 149, for a proof) :
since, of course, the greatest common divisor is (p K , p vp(a) ) = p min (K,vp(a) ) .
The core of our exposition is the following main result.
Main Lemma (p−Euler factors). Let G : N → C be any arithmetic function and fix any p ∈ P. Then, ∀a ∈ N,
Proof. From Fact 1, we easily obtain
These formulae, of course, give instantly our first equation. QED(1st eq.) The second equation comes from first equation, since ϕ(p K ) = p K − p K−1 , ∀K ∈ N and, trivially, ϕ(p 0 ) = 1, then we rearrange p−th powers, with Abel summation [T] trick (whose details are left to the reader).
QED(2nd eq.) For the equivalence, notice that implication "⇐" immediately follows from our second equation, proved just now. QED(⇐) Proving "⇒" is all we need to show, to conclude. Our starting hypothesis, now, is that the Euler p−factor with coefficients G is 0 in all a ∈ N, which is equivalent to the following, say:
again from our second equation above. We may solve, in the definition in RHS of ( * ), for G(p v+1 ), getting 1) ), ∀v ∈ N and this implies, under hypothesis ( * ),
We will give the other Lemma, again a "fact", as it is a straight consequence of our Main Theorem; which, in turn, is proved applying previous Lemma.
Proof. Since the "=⇒" part follows trivially for d = 1, we have only to prove the "⇐=" : from last part of our Main Theorem (see §1) we get (1 − G(p)) = 0, ∀d ∈ N, whence in two lines we get the "⇐=".
A glimpse into infinite Euler products for Ramanujan expansions
We start, for infinite Euler products, from a new definition.
We say a Ramanujan expansion is an Euler product iff (if and only if) G : N → C is a multiplicative Ramanujan coefficient and, for all fixed a ∈ N, we have
(notice: LHS is the Ramanujan expansion itself), whence in one line we get the infinite Euler product: Notice in (1) the link with Q−smooth numbers, in its RHS : see §4. Compare also [C1] .
The absolute convergence of the Ramanujan expansion (since G(q) ∈ C, following | | are moduli) :
(2) ∀a ∈ N, i.e., the limit over Q → ∞ proves (1), so the Ramanujan expansion is an Euler product. QED Now, of course, we may generalize the results we obtained above for the product of a finite factor and a co-finite factor (for Ramanujan expansions) to "arbitrary products", of two factors; but over two subsets, say S and R, that are "coprime", whose "product", say a coprime product, is the set of natural numbers. We do it for only two "factors", but this generalizes to a finite number of factors (for N here).
We say that S and R are coprime factors of natural numbers, writing S ⊗ R = N, where ⊗ is the coprime product, iff ∀a ∈ N, ∃!(r, s) ∈ R × S, (a unique couple in the cartesian product), with r and s coprime each other, such that : a = rs. These coprime factors in R ⊗ S = N have a particular shape, in the family of N subsets, characterized by the set of prime numbers dividing all the naturals in the set. In fact, S ∼ = P with ∼ = a bijective function from the family of N subsets, of the form S = {s ∈ N : s = 1 or p|s ⇒ p ∈ Q} (for a fixed Q ⊆ P), to the family of subsets of primes P, given by both P = P(S) and its inverse S = S P (see the definitions in §1), which also give the link, writing ⊕ as usual for the disjoint union of sets,
The trivial case {1} ⊗ N = N ⊗ {1} = N corresponds to: P(1) ⊕ P(N) = P(N) ⊕ P(1) = P.
We avoid the trivial case (so we'll write "non-trivial", in the following).
The (non-trivial) coprime factorization N = S ⊗ R gives for absolutely converging Ramanujan expansions (see (2) above), ∀a ∈ N, convergence of both following series and 
which is, of course, a generalization of our Main Theorem for any couple R ⊗ S = N, without the constraint of having one of the two factors finite (namely, |P(S)| < ∞, see §1). This is possible (see Property 1 above), of course, assuming the absolute convergence for the Ramanujan expansion (with multiplicative coefficients). However a "side effect", so to speak, of this assumption is that the infinite Euler products may not vanish. Also this is a classic and known result that we will prove very briefly, in our next Property 2, following.
The "local Euler product", compare Proposition §1, follows from S = P(a) and R = {r ∈ N : (r, a) = 1} in (3), so ∀a ∈ N,
Notice : the (infinite) Euler product for the co-finite factor in our Proposition (see §1) needs the absolute convergence (2), in order to get from (1) following equation
The absolute convergence (see (2) above) implies, as we prove now (compare §1 beginning,Chapter II [K] ),
Actually, since P(a) is a finite subset of primes, we'll prove this for any finite (non-empty) F ⊂ P.
Property 2. Let G : N → C be a multiplicative Ramanujan coefficient of an absolutely convergent Ramanujan expansion. Then, for any finite subset of primes F = ∅, the Euler product
converges to a non-zero complex number, provided G(p) = 1 ⇒ p ∈ F. Proof. Using p / ∈ F ⇒ G(p) = 1, as a consequence of Theorem 6 in §2.2, Chapter 5 of [A] , we get
(1 − G(p)) = 0 (implicit: the infinite product converges) and the Ramanujan expansion absolute convergence at a = 1 (compare Remark 1): However, since Corollary 2 holds without conditions, on these kind of infinite Euler products, we may have the additional hypothesis (2) in this Corollary and still get, surprisingly enough, a G : N → C in the cloud of 0. In other words, there exist multiplicative Ramanujan coefficients G : N → C with F 0 (G) = ∅ and absolutely convergent Ramanujan expansion, namely satisfying (2) above, that are in 0 cloud. As an example, take G(q) def = 1/q 3 on odd numbers and G(2 K ) def = 1, ∀K ∈ N 0 : it has F 0 (G) = {2}, so G is in 0−cloud (Corollary 2) and the trivial bound |c q (a)| ≤ ϕ(q) ≤ q, on all a ∈ N, gives (2). In fact: (next K−series is a finite sum depending on a, after Main Lemma, and compare Remark 2)
A link to some Ramanujan coefficients supported on smooth numbers
See that, if G : N → C is a multiplicative Ramanujan coefficient, then the series in RHS of (1) of §3 becomes, ∀a ∈ N :
again, by our Main Lemma, so the LHS is a finite Ramanujan expansion (see [CMS] , compare [CM] §4) but, in the terminology of [CM] , it is not a pure one, as it depends on a ∈ N, since RHS above has inside v p (a) this dependence.
In other words, we have just proved the following small result.
Property 3. Let G : N → C be a multiplicative Ramanujan coefficient, supported on the Q−smooth numbers (namely, ∃p > Q : p|q ⇒ G(q) = 0). Then the Ramanujan expansion is finite.
Here G support, abbrev. supp(G) def = {q ∈ N : G(q) = 0}, is included in the Q−smooth numbers, which make up an infinite set (for each fixed Q ≥ 2, of course). However, the expansion becomes finite as an immediate effect of second formula in our Main Lemma (which also explains why, see the above, the Ramanujan expansion length depends on a). Our papers [C2] , [C4] characterize the finite & pure Ramanujan expansions : they are truncated divisor sums. This is not the case, here, because "finite and pure", in particular, implies that the expansion has a fixed length, not dependent on the variable a.
Compare, also, the Ramanujan expansion we gave in [C3] for all F satisfying the Ramanujan Conjecture and with Eratosthenes transform F ′ supported in Q−smooth numbers: see §1 beginning. A result, in [C3] , also allows to give an explicit formula for Ramanujan coefficients, named after Wintner, i.e. G = Win(F ) (see Theorem 1 there). These have the property : supp(F ′ ) is inside Q−smooth n.s ⇒ supp(Win(F )) is inside Q−smooth n.s; so, if we know that F ′ vanishes outside Q−smooth numbers, then : its Ramanujan expansion with Wintner coefficients not only converges to F (by quoted Theorem 1), but, also, these Ramanujan coefficients are supported on Q−smooth numbers. However, in order to apply above Property 3 we should also know if: Win(F ) is a multiplicative function or not, that, in general, is not known!
A coming soon for a classification of multiplicative Ramanujan coefficients in 0−cloud
The third possibility for multiplicative Ramanujan coefficients, apart from that of Corollary 1 (i.e., F(G) = ∅) and that of Corollary 2 (i.e., F 0 (G) = ∅) is the case: F(G) = ∅ and F 0 (G) = ∅, in our third Corollary.
Corollary 3. Let G : N → C be multiplicative, with F(G) = ∅, F 0 (G) = ∅ and assume that Thus, just alike Corollary 1 can't have the additional hypothesis of absolute convergence (2) above (see §3, soon after Remark 3), our Property 2 in §3 gives the same for Corollary 3; in fact, under (2) Property 1 gives an infinite product: (1 − G(p)) = 0 which can not vanish by Property 2, so G is not in 0−cloud.
As we saw above (in §3, again after Remark 3), in Corollary 2 we may assume absolute convergence (2); now, we know that it's the only case in which we may do it (Corollaries 1 and 3 with (2), so to speak, go out of 0−cloud). Since both Ramanujan's and Hardy's coefficients are in the scope of Corollary 1, for Ramanujan's and of Corollary 3, for Hardy's (as G(q) = 1/ϕ(q) has G(p) = 1 iff p = 2, Hardy's have F(G) = {2}), we have a theoretical, general reason for them not to satisfy, of course, (2) (absolute convergence above).
This Corollary completes the Classification of multiplicative Ramanujan coefficients of 0. In a forthcoming paper, we'll prove this last and more difficult case (Corollaries 1 & 2 prove other two cases).
